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Per iodic  solutions of a second-order  part ial  differential equation with the r ight-hand par t  nonlinearly 
dependent on the unknown function, or  the function incorpora ted  in the boundary conditions, are  discussed 
in the l i te ra ture  [1-8]. The t ime t is an implici t  variable in the expression of this nonlinear function. 

Per iodic  variat ion of the level of ground water  in i r r iga ted  te r ra in  is t rea ted  as a problem of pe r i -  
odic variat ion over a semi-infini te  region [8] with attention given to evaporation, which is reduced to a l in- 
ear  integral  equation whose solution is found in limiting cases .  

The solution of the problem is found below in a semi-infini te  region and in a finite region. 

1. We shall assume that the ground waters  occupy a region 0 <x < l between channels with respect ive  
water  levels H i and H 2. At the point x =x ~ (0 <x ~ </), the ground water  level h is measured.  When that level  
reaches  a height h , ,  i r r igat ion ca r r i ed  out at  an intensity mc (where m is the porosity) ceases  and then r e -  
sumes,  as h declines to the level h** (evaporation is taken into account in this treatment).  The rate  of 
evaporation is rod. 

This problem reduces to one of finding the solution of the heat conduction equation with the r ight-  
hand par t  dependent in a re lay (on-oft) pattern on the ground water  level at the point x ~ and with the bound- 
a ry  conditions 

Assuming 

h (0, t) = g ~ ,  h ( l ,  t) = g ~  ( 1 . 1 )  

h (x, t) = H 1 + (H~ -- H1) x1-1 -4- u (x, t) 

we now reduce the problem to one of finding the solution u (x, t) of the equation 

where we introduce the notation 

with the conditions 

F[u (x ~ t)l = 

(1.2) 

Ou ~ 02u 
Ot - -  a ~ -~ F [u (x ~ t)] (1.3) 

c for u ( x ~  

(u** < u , , c  > O , d > O )  
- -d  for u ( x ~  

(1.4) 

,~ (o,  t) = o,  ,~ q ,  t) = o (1.5) 

Here we introduce the notation 

u ,  = h .  -- H1 -- (H~ -- H1) x~ u** = h** --  H1 - -  (H~ --  H1) x~ (1.6) 

We begin by considering this problem in a finite interval. 

2. Now let u(x ~ T t ) = u  , when t=Tl, andu(x ~ T)=u** when t=T. Then u(x, T)=u(x, 0), where T is 
the period of the oscillations. When 0-< t < TI, u (x, t) = u I (x, t), and when T I-< t-<- T u (x, t) = u~ (x, t), and 
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0.1 

{7 

the funct ions  u l (x, 0 and u 2 (x, t) s a t i s fy  the condi t ions  

t ou~ = a~ O~u, + c (2.1) o---i- T;r (2 
u l(0, t ) =  u , ( l ,  t) = 0  (2.2) 

-~* ". ~.~ :!~!,: : ,~, "~':'~ Ot :,.':~.,, Ox (2.3) 

:'~d:: rt " u~ (0; t ) =  ua (l, *) = 0 (2.4) 
2J, 8.75 

F i g .  1 
r e spec t i ve ly .  

We shal l  s e e k  the solut ion of  Eq. (2.1) in the f o r m  of the s e r i e s  

co 

ul (x, t) = ~ l~ (t) sin ~___x (2.5) 
l 

k = l  

Subst i tut ion of Eq. (2.5) into Eq. (2.1) y ie lds  an e x p r e s s i o n  fo r  the  f u n c t i o n s f k  (t) (k= 1, 2, . . . )  

]~ (t) = C~ exp (-- gk~t) 2cl2 

where  C k a r e  unknown cons tan t s .  

We now s ta te  the e x p r e s s i o n s  fo r  the funct ions  u t (x, t) and u~ (x, t) 

ui (x, t) = ~, [Cn exp (--)~,~t) 2cl~ --  a~--~ [(-- i)~ - -  i] (i - -  exp (--  ~**~t))] s m ~  (O~<t.~<T9 
~=~ (2.7) 

n~----1 , 2dl~ . . . .  n u~(x, t )= {D**exp[--Xn~(t--T~)]-~-a~---~-~i(--x ) - -  i] (t - -  exp [--  )~**~ (t - -  T1)])} sin ~ 2 (T~<t<T) 

8,~ = exp (--)~ST) 

F o r  brevi ty ,  we in t roduce  the notat ion 

22~ [(-- 1)~ - -  1] 

% = exp ( -  x ~  (T - -  T1)), 

Clear ly ,  the equat ions  

m u s t  be sa t i s f ied .  

ul  (x, 0) - -  u2 (z, T), u l  (z,  r l )  = u~ (z,  T~) 

(2.8) 

(2 .9)  

In  v i r tue  of Eqs.  (2.7), (2.8), we de r ive  f r o m  Eqs .  (2.9) s o m e  e x p r e s s i o n s  fo r  the cons tan t s  C n andD n 

C** = a,~ {-- c ( ~ - -  8,~) + d (t -- ~)} D~ = ~ { -  c (t -- ~) + d (~,,-- 8~)} (2.10) 
t -- 8,, ' i -- 8n 

I t  i s  c l e a r  f r o m  Eqs.  (2.8) and (2.10) tha t  the  s e r i e s  (2.7) c o n v e r g e  un i fo rmly .  

The va lues  of  T1, T a r e  found as  the s m a l l e s t  r oo t s  of  the equat ions  u(x  ~ T 1) = u .  and u (x  ~ T ) = u * * .  

In v i r t ue  of Eqs.  (2.7) and (2.10), 
co 

c~ {,-- c (t -- ~,~) + d (~'--  6 ~ ) } i  - -  6,~ sin -T-nnx~ = u ,  (2 .11)  
r ~ - I  

ten {-- c (';n --I --8n)6,~ + d (i - -  ~'n)} s in  --~/x~ = u * *  

We now c o n s i d e r  the c a s e  c =d,  T = 2 T  1. Equat ions  (2.10) and (2.11) become  

t -- ~ �9 ~nx ~ 

(2.12) 
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Now let  x ~ = l / 2 .  Then in the  l ight  of  Eqs.  (2.8), we find f r o m  Eq. (2.12) 

c r  

_ 4l~c ~ (-- l) k+i i -- ~k-i 
_ (2k -- i) a i + ~sk-1 (~z~-i = exp (-- ~k_i2Ti)) 

(2.13) 

We now c o n s i d e r  the funct ion 

( _  l ) ~ + i  t - -  , ~ - i  (T~) 
Y (TI) 

~----1 (2k -- i) a I ~- ~ - i  (Ti) 

C lea r ly ,  y ( 0 ) =  0, y,  (T1)> 0. As  T 1 goes  to infinity,  y tends  to  the value [10] 

( _  t ) ~ + i  ~ s  

~1 (2k-  i) a 32 

Hence,  we a r r i v e  a t  the  fol lowing re su l t :  a s ingle  roo t  TI>  0 of Eq. (2.13) ex i s t s  when the inequal i ty  

U a~u, i * = - ~ r  ~ - ~  

is  sa t i s f ied .  

Consequent ly ,  a unique solut ion of the p r o b l e m  ex i s t s  under  those  condi t ions .  I t  i s  d e s c r i b e d  by 
Eqs.  (2.7), whe re  C n and Dn a r e  given by Eqs.  (2.12). 

I f  c = d ,  T = 2 T i ,  then Eq. (2.12) a c q u i r e s  the f o r m  

_ a 2 u *  4 ~-1 t i - ~ _ l  �9 ( 2 k - - l ) ~ x  ~ 
U . - - - ~ c  = - ~  s ~ sm t. (2.14) 

I t  can be r e a d i l y  seen,  f r o m  Eq. (2.14), tha t  U,  (0)= 0. With i n c r e a s i n g  T l = a 2 T 1 / l  2, as  the c a l c u l a -  
t ions  show, U.  i n c r e a s e s ,  but as  71 goes  to  infini ty U,  tends  to 

U~=TT i-- 

Accordingly, even in that case a unique solution 71 exists when U. < U~. 

In the general case, when the notation 

U -- a~u* a~u** a~F1 a2r d 
g" - -  "-~-c ' U $ ,  = ~ , I: i - -  12 , % = - i ~ - ,  A - -  c ( 2 . 1 5 )  

i s  in t roduced ,  we obtain f r o m  Eqs .  (2.11) the fol lowing equat ions  fo r  the funct ions  U,  (T1, ~') and U** (T1, T): 

4 ~ l  [1 -- ~ - i  -- A ~ - i  (1 -- ~2~-1)] sin (2k --/1) gx~ 
U,  ~ - ~  -= (2k -- t) a (t -- ~ 2~_lT~k_i) 
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4 ~--i [T~-I (1 -- ~2~-1) -- a (1 -- "f~k-1)] �9 (2k -- t) nx ~ 
= . . . .  S l n  U** --~ = (2k -- t) a (1 -- ~2k_17~}r l 

(~2k_l = exp [-- n2 (2k -- t)2 T1], T~k_l = oxp [-- ~ (2k -- t)~ (~ -- ~)1) 

(2.16) 

I t  i s  c l e a r  f r o m  Eqs .  (2.16) that,  as  T 1 goes  to  infinity,  U ,  tends  to  Ur162 and U** tends t o - - A U ~ .  

At l a rge  va lues  of  k, the k - t h  t e r m  of the  s e r i e s  (2.16) does not  exceed  the k - th  t e r m  of the s e r i e s  

oo 

4(1+ a) ~ ,  l (2.17) 
S -  ~ ~=~= (2k - l ) '  

The e s t i m a t e  of  the r e s idua l  t e r m  Rn (i) (i = 1, 2) of  the s e r i e s  U,  and U** used  in the ca lcu la t ions  
was  de r ived  f r o m  Eq. (2.17): 

3 ${~ ' 

w h e r e  E (x) i s  the i n t eg ra l  p a r t  of  the  n u m b e r  x.  

Figure  1 d i sp lays  g raphs  of  the funct ion U, ,  defined by Eq. (2.14), as  a funct ion of  r l ,  fo r  d i f fe ren t  
va lues  of  the r a t io  x ~  

U,  and U** a r e  p lo t ted  vs  r in  Fig.  2 for  the c a s e  A = 0 . 5 ,  T = 3 r  r 

Cu rves  1-6 c o r r e s p o n d  to  the r e s p e c t i v e  r a t io s  x~  0.91667; 0.16667, 0.83333; 0.25, 0.75; 
0.33333, 0.66667; 0.41667, 0.58333; 0.5. 

I t  i s  c l e a r  f r o m  the shape of  the c u r v e s  U,  (71, bT1) , U** (~'1, bT1), s i m i l a r  to  those  p lot ted  in Fig.  1 
and Fig.  2, tha t  each  pa i r  of va lues  of U,  and U** such  that  - A U ~  <U, < U~,  - A U ~  < U** < Ur c o r r e s p o n d s  
to  a s ingle  p a i r  of  va lues  of  r l ,  T. 

The shape of  c u r v e s  of cons tan t  va lues  of U,  (continuous curves)  and of U** (broken curves )  is  shown 
in Fig .  3 in the r l ,  ~- plane.  The d i rec t ion  of  i n c r e a s i n g  U,  and U** i s  ind ica ted  by the a r r o w s .  

3. We c o n s i d e r  the s a m e  p r o b l e m  in the  semi - in f in i t e  reg ion .  The solut ion of  the  equat ion 

Ou ~ O'u (3.1) 
-~- = a --g-~ + f ( T ) 

with the boundary  condit ion u (0, t) = 0 and without the in i t ia l  condi t ions  becomes  [9] 

- ~  exp --  4a 2 ( t - v )  sh 2a ~ ~) d~ d~ (3.2) 

Using the f o r m u l a  [10] 

o 
4a "2 (t -- ~) 2a ~ (t -- T) 

( 2z ) (z) = - - ~ - I  exp ( - -  s ~) ds 
0 

we r e s t a t e  the solut ion (3.2) of Eq. (3.1) in the fol lowing m a n n e r :  

t 

- - c r  

We shal l  now a s s u m e  tha t  the  f u n c t i o n f  (T) t akes  on the va lues  

(3.3) 

(3.4) 

/ (~) = 
c for k T ~ t ~ k T + T 1  

(k = 0,!i,_____2 . . . .  ) 
- - d  for k T - - } - T l ~ t ~ ( k n U i )  T 

(3.5) 
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Substitution of Eq. (3.5) into Eq. (3.4) yields  the solution u(x,  t) in the 
f o r m  of a s e r i e s ,  where  we a s s u m e  u (x, t) = u i (x, t) when 0 - t - T1, and u (x, t) = 
u2(x , t) when T l - t - T :  

f 

u l ( x , t ) = c f ( l ) ( 2 a  x ' Vt-:-7 ] d~: + s ix, t) ( 3 . 6 )  
o 

t z 

T l  o 

__~r kT x (If-l) T+T, Z 

~=I} (If-l) T+T, (k-l) T 

Uniform convergence  of the s e r i e s  ul(x,  t) and t h (x, t), i f  c T i = d ( T - T  1) 
is  i n f e r r ed  f r o m  the asympto t ic  r ep resen ta t ion  of the probabi l i ty  in tegra l  ~) (z) 
at smal l  va lues  of z: 

2 r = - ~ - - z +  . . .  

and f r o m  Eqs.  (3.6). 

We can show, on the basis  of the asympto t ic  r ep resen ta t ion  of the probabi l i ty  in tegra l  at smal l  va l -  
ues of z, that  the s e r i e s  8ul(x , t ) / S t  and 8u~ (x, 0 / a t  converge uni formly  and that, at  all  va lues  o f x  ~ the 
inequali t ies  

0~  (~~ t) > 0, 0~  (~o, t) < 0 
bt Ot 

hold, so that  fo rmulas  (3.6) yield the solution of the unknown nonl inear  prob lem.  The constant  T 1 i s  found 
f r o m  one of the equations 

ul (x ~, T,) = u, ,  u~ (x~ = u** (3.7) 

where  u(x,  t) and u2(x, t ) a r e  defined by Eqs.  (3.6). We read i ly  see f rom Eqs. (3.6) and (3.7) that  in the 
l imi t  as  T1--*0 , u.--* 0 and u * * ~ 0 ,  and in the l imi t  as T -*  % u , - *  %and  u**- -* -~ .  

At l a rge  values  of n, the s e r i e s  t e r m s  a r e  of the o rde r  of magnitude 

an ~ An-Y,, bn ~ An-VL A -= 28cTlz~ V.~ ( z~ ----- 2a ) \ 

Figure  4 shows plots  of u , / c  and u**/c  as functions of T 1 for  the ca se s  d/c= 0.5 (curve i c o r r e -  
sponds to the value z ~ =0.0030, curve  2 to the value z ~ 0.0027) and d/c= 1 (curve 3 co r r e sponds  to the va l -  
ue z~ curve  4 to the value z~ 

I t  i s  obvious f r o m  those graphs  that each value of u .  > 0 co r re sponds  to a unique T1; but u** < 0 is  not 
a r b i t r a r y ,  being de te rmined  f r o m  the second of Eqs.  (3.7). 

4. Assuming  a finite dis tance l between the channels ,  we now find the solution of the p rob l em d i s -  
cussed  in Sec. 2, with the ini t ial  conditions as  s tated,  i .e . ,  we find the solution of the p rob l em (1.3)-(1.5) 
with the condition 

ul (x, 0) = ~l (x) (4.1) 

where  the function gvl(x) will be a s s u m e d  to sa t i s fy  the Dir ichle t  conditions in the in te rva l  0 ~ x - l ,  and we 
shall  show that  under  the r e s t r i c t i ons  imposed  upon the function gv I (x) and on the constants  f iguring in the 
conditions of the p rob lem,  the solution of p r o b l e m  tends to the per iodic  solution found in section 2 as  the 
t ime  t i n c r e a s e s  without bound. 

I t  i s  r ead i ly  seen that  the solution of the p rob l em in question, i f  one exis ts ,  can be cas t  in the fo rm 
of the s e r i e s  

n----I j =0 
i 
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i i 

j=~ j=a 
co i 

n -= l  ~ = 0  

q- da" ~t - -  exp [--  ~n 2 _ i anx 
j = 0  

C i 

( Y, r(,> + Tf+" <~ < Y,, r ( '  + r('+~). ~ = o, ~, ~, 3 .... ) 
j =o ~ =o 

H e r e  An (1) a r e  the F o u r i e r  coe f f i c i en t s  of  the  funct ion g01 ( 0 ,  Tl(i) ,  and T( i ) -Tl ( i )  a r e  the  roo t s  of  
the equa t ions  

(4.2) 

(4.3) 

( 4 . 4 )  

i=C, ,/=O 

(u ,  and  u** a r e  given by Eqs .  (2.15)-(2.16),  which,  in the  l ight  of Eqs.  (4.2) and  (4.3), a r e  wr i t t en  as  fo l -  
lows:  

co o v  

while  the  funct ions  Bn(i) and An(i+ 1)(i = 1, 2, 3, . . . )  a r e  r e l a t e d  by the  equa t ions  

B,~ (i) = - -  can (1 - -  ~(~)) -b ~,(i)A~ (0, A(~ +i) = da~ (l - -  y~(~)) + T~(i)B~(i) 
(~n (i) = exp [-- ~n~Ti(i)], 7n (i) = exp [-- %n ~ (T (i) -- Ti(i))]) 

I t  iS a l so  c l e a r  f r o m  Eqs .  (4.2) and (4.3) that ,  in the  l im i t  as  t ~  ~, ul  (i+ 1) (x o, t) ~ c U ~ ,  

( 4 . 5 )  

(4.6) 

U~ i+l) (3(, ~ t) ~ - -  dace ( [-f e~ Xo 

We shal l  a s s u m e ,  a s  in p a r a g r a p h  2, tha t  the inequa l i t i e s  - d U o o < u ,  <cUr - d U ~ < u * *  <cUoo, i .e . ,  
- U r162 < ( u , - u * * ) / ( c  + d) = ( h , - h * * ) / ( c  + d) < U ~ ,  a r e  sa t i s f i ed .  

In o r d e r  f o r  the va lue s  of u ,  and u** to be a t t a inab le  a t  f ini te  i n s t an t s  of  t i m e ,  i t  wil l  be suf f ic ien t  
tha t  the inequa l i t i e s  

a o  

�9 ~I~X ~ 
% (x ~ ~ u . ,  ~ Bu(i) sin ~ = u ,  > u** (i = i, 2, 3 . . . .  ) 

n ~ l  

~ o  
A ~ ( O s i n T = u * * < u  , ( i=2 ,3  . . . .  ) 

be sa t i s f i ed .  

A s s u m i n g  u , - u * *  > (c + d) pUr (where  p i s  s o m e  cons tant ) ,  we obtain 0 < fin(J) < 1, 0 < 7n(J) < 1 (j = 1,  2 , . . . ) .  
Reca l l ing  tha t  ~2k=0  ( k = l ,  2, 3 , . . . ) ,  we have  

%(,) = (~l (~)p' ,  ~,~(~) = (~,1(~))~' 

and i t  i s  c l e a r  f r o m  Eqs .  (4.5), (4.6) that ,  when the va lue s  of i a r e  suf f ic ien t ly  l a r g e ,  we can find the  c o n -  
s t an t s  Tl(i) and T( i ) -Tl ( i )  in p r a c t i c e  f r o m  the equat ions  

o z~x~ ~ ~  (i)  . 3 ~ x ~  
Bi(Osin-~2 + B ' a ( ~  , A;(')sin T + ~ $ 1 n  l 

= u * * - ~ d U ~  (Bn(i) = - -  ean -t- B n (1), An(~) --~ dan ~ A~n (~)) (4.7) 

We f ind equat ions  fo r  fil (i) and 71 (i) f r o m  Eqs .  (4.6) and (4.7) 

~(i) = ~l(o) .~ A~i(1) [(7~i-1))9 ~- (~i(i))8], Y1 (i) = 7i (~ -t- BTi (0 [(~i(~ 9 ~- (Tl(i)) s] (4.8) 

H e r e  f~t (~ 2q (~ A, B a r e  cons t an t s ,  and  the  s ign of A and B co inc ides  with the  s ign of s in  3 r c x ~  

F r o m  the condi t ions  0 <fit(~ < 1, 0 <71(~ < 1, we have  the inequa l i t i e s :  

a I ~ - -  I l l ,  a 1 ~ ~2, p.~ - -  ~t 1 ~ a 1 ( ~  = u .  - -  cg~o, ~2 = u** + d U ~ .  
i j l x  o" \ 

a i = - -  (c + d)  a i  s i n  7 - -  } 
1 
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If e i ther  A<0,  B<0  or  0 < A < I ,  0 < B < I ,  p l (~  71(~ <1, and hence the inequali t ies 

~2~ai-~a3, ~h~--ai--a3,  ~2--~i~al-~2a~ 

we can find 0 < ill(i)< 1 and 0 <~/1(i) < 1 f rom Eqs. (4.7), and then ill(i) and 71(i) fo rm monotonic sequences 
bounded above and below, so that fil and 71 have l imi ts  by the Weie r s t r a s s  theorem.  By substituting the 
values of fil and 71 into Eqs. (4.7) and (4.8), we see that these formulas  prac t ica l ly  coincide in that case  
with Eqs. (2.11), (2.8) for  the periodic solution of the problem.  

Consequently, when the above inequali t ies a re  valid, the solution of problem (1.3)-(1.5) with the in i -  
t ial condition (4.1) tends to the per iodic  solution (2.7), (2.8), (2.10) as the t ime t i nc r ea se s  without bound. 
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